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Abstract. A theory is presented to predict the effective shear viscosity of concentrated
dispersions in steady state shear flow as a function of the volume fraction, particle size,
interparticle interactions, and shear rate. Shear thinning has been qualitatively argued to be
a result of shear-induced change in microstructure, which we shall discuss in terms of the
distribution function. Analysing the distribution function and the microscopic stress tensor, we
have derived a memory function in steady state shear flow. It is used to calculate all the key
features of shear thinning quantitatively without any adjusting parameter. The predicted shear-
rate-dependent effective shear viscosity is in good agreement with the experiments of sterically
stabilized colloidal suspensions. Since shear thinning has been observed in steady state shear
flow as well as in oscillatory shear flow, the difference between these two flows will also be
discussed in terms of the distribution functions and structural relaxations.

1. Introduction

Colloidal dispersions have interesting and complex flow behaviour because the macroscopic
stresses are sensitive to the nonequilibrium microstructure, which in turn depends on the
composition, flow field, and particle interactions. Experimental data [1-5] for shear viscosity
exhibit two key features: they diverge strongly as the particle volume fractdnof
colloidal particles is increased and they exhibit strong shear rate dependence, decreasing
with increased shear rate. The shear viscosity is Newtonian for dilute suspensions, and
becomes non-Newtonian (shear rate dependent) for semidilute suspensions [3,6-8]. Shear
thinning becomes more pronouncedeapproaches a percolation thresheld This unusual
phenomenon has been observed for colloidal dispersions, but not for polymer solutions.
These effects have been qualitatively argued (see [2] where additional references can also
be found) to be the result of shear-induced microstructure within the suspension; however,
there is no quantitative theoretical analysis available at the present time. It is the purpose
of this paper to develop one.

Polymeric liquids [9-11] also exhibit non-Newtonian flow behaviour, but they recover
from finite stresses and do not show the above-mentioned shear thinngng»ag.. This
reflects the fundamentally different microstructures in colloidal suspensions and polymeric
liquids. In contrast to the long-range interactions in macromolecular systems, short-range
interparticle forces govern the microstructure in colloidal dispersions and the magnitude
decreases with increasing separation. In spite of these differences, the microscopic theory
of polymeric liquids [9, 10] should serve as a useful basis in the present study. Shear
thinning is generally believed to result from shear-induced change in microstructure. On
the basis of the approach given in [9] and [10], the microstructure is characterized in terms
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of the distribution functiony)) in section 2. An effective-medium approximation iprwill

then be used to solve our problem. Instead of using the usual Kirkwood formula [12] for
the stress tensor for polymer solutions, we find that it is more convenient in the case of
disperse systems to use the method of statistical mechanics to analyse the stress tensor in
the derivation of the effective shear viscosity in section 3. The main result of the shear-
rate-dependent shear viscosity in steady state shear flow is derived in section 4. In the final
discussion of section 5, the salient features of non-Newtonian behaviour in the vicigity of

are calculated. The basic differences between the nonlinear viscosity in steady state shear
flow and the linear dynamic viscosity in oscillatory shear flow are discussed.

2. Colloidal dynamics

The dynamics of disperse systems can be described by the time-dependent distribution
function (R4, Ry, ..., Ry, t) where R; is the position of theth colloidal particle and

is time. The probability @) of finding a particle at a given point and time is governed by
the equation of continuity [9]

RN A
o~ _;<8R,« ’R"“> W

whereR; is the velocity of the'th particle. This equation simply states that when a particle
leaves one location it has to turn up in another. Equation (1) needs an expression for
the velocity R;, which can be obtained by analysing the equation of motion of individual
particles. Let us begin with dilute suspensions: the colloidal particle can move freely
through the surrounding solent molecules. Both hydrodynamic and non-hydrodynamic
forces are acting on the particle. The equations of motion can be written down as

miR; = —¢o(R; —vi) + F, i=12...,N (2)

where R; is the acceleration of thith particle andn; is the mass. The first term on the
right-hand side is the hydrodynamic drdag,= 6z n.a is the frictional coefficienty, is the
solvent viscosity, and: is the particle radius.v; is the flow velocity which would have
existed at the point of location of thi¢h particle if this particle had been absent. The total
non-hydrodynamic force is [13]

Fi = —(0/0R) T Iny +U) 3

wherek is the Boltzmann constant afdis the temperature. The first term is the Brownian
force, and the second is the interparticle force with its potential enérgyhe acceleration
term on the left-hand side of equation (2) is assumed to be negligible. That is

R = (1)) F, + v @)
For concentrated dispersions, (4) can be generalized to

N
R, = ZHUF/ + v ®)

j=1
whereH;; is the mobility tensor. As mentioned in (2); in (4) and (5) is due to the imposed
flow field, which is negligible in linear oscillatory shear flow [8] but will be important in the
present study of nonlinear steady state shear flow. More specific analysis and discussion
will be given in sections 4 and 5. (5) accounts for the many-body interactions between
particles and solvent molecules in a formal way. Of courseaiinotbe solved as it stands
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and approximations have to be made later in order to proceed. Combining (1) and (5), we
obtain

Zgai‘a [ZH,1</€T+UJ> —v,w} (6)

which is termed the Smoluchowski equation for disperse systems. It may also be called the
Fokker—Planck equation. Formally, equation (6) looks quite similar to that for polymeric
liquids [10].

In practice (5) and (6) will be solved by using an effective one-particle approximation
in a self-consistent manner. Physically, it consists of a colloidal particle moving through
the surrounding medium whose viscosity is equal to efffective shear viscosity i) of
the dispersion.n has yet to be determined. This allows for a nonlinear response to the
interactive system. In the self-consistent model, the mobility tensor is written as

Hij =[1/¢(9)]6i; (@)

wherel is the unit tensor, and(¢) = 6ran(¢). For dilute solutions irshear (¢ (¢) = ¢o),
(7) has the exact form used in Rouse’s model (see (4.3) in [10]) and in Debye’s free draining
model. Since the general philosophy of Hartree—Fock [14] was introduced, the use of the
one-particle self-consistent approximation to solve a many-body problem has been published
frequently in various forms for different subjects with great success. This approximation has
also been mentioned in the literature as an effective-medium theory. The ‘particle’ can be
thought of as an electron, molecule, Brownian particle, or filler in composites in the study of
the electrical [14], optical [15], mechanical [16], and rheological [17] properties of complex
materials. In the present case of colloidal dispersions, the one-particle approximation has
already been utilized in analysing the shear viscosity [17]. Shear thinning is the topic of
this paper. The one-particle approximation with effective viscosity will be solved self-
consistently with (12), (20), (21), (22), (24), and (25) to be derived and discussed in the
rest of the paper. The effect of microstructure due to the many-body interactions mentioned
in (5) and the interparticle force in (3) are taken into account collectively in terms of the
effective viscosity. Using (7), we obtain
g 9 [ ay ] ®)

a  OR ar W

IR
where D = kT /¢ is the effective diffusion coefficient. Botl» and¢ are functions ofy.
What we have in (8) is the reduced distribution function of a Brownian particle which is
related to (1) formally by

WO Ry 1) = / W(Ry, Ry, ..., Ry, 1) dR; AR, ..., dRy.

For simplicity, we have dropped the superscriptyd? and subscript ofR; on the left-

hand side of the above equation as the symbol shown in (8). The further discussion of the
reduced distribution function can be found in a standard text of statistical mechanics, and
the specific discussion of Brownian particles in [18].

The shear-induced change in microstructure is described by the particle distribution
function @ in (8) under the influence of a macroscopic velocity field. Usingwe shall
analyse the effective viscosity as a function ofy,, a, ¢, U, and shear ratg¢ in the rest
of the paper.
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3. Effective shear viscosity

In the development of microscopic theory of the non-Newtonian viscosity [9, 10], the
principal aim is the evaluation of the stress tensor. By using the method of statistical
mechanics, theonfiguration averagef the local stress tenset, created by a given flow
field v(r) and Brownian motion in the system is determined by

Gap (1) = f 0as(r RYW(R) dR. ©)

Thespatially dependengtress tensor on the left-hand side of (9) is equal to the configuration

average of particles with the stress tensor and the distribution function on the right. (9) has

the general form of the statistical average of a physical quantity, which can be a scalar,

vector, or tensor. The exact form of (9) can be found in [10] (see equation (3.117) on p 71).
Spatial averagings,s(r) over the total volumé’ containingN colloidal particles gives

the spatially independenstress components:

N
(oup) = é /vaaﬁ(r) dr = ‘]/'[fvz oup(r) dr + ,Z:; /vl O (1) dr] (10)

whereV is the total volume and/; and V, are the volumes of the particles and solvent,
respectively. In general, the second-order stress tensor is related to the second-order strain
rate tensor by a fourth-order viscosity tensor [17]. Since we are only interested in the shear
flow in this paper, the effective shear viscosities of disperse systems can then be obtained
from

Nap = (Oup)/2(€ap) = (0up)/2€3y o # B (11)

Whereegﬁ is a constant strain rate applied to the system. Substituting (11) into (10) and
noting that the dispersed system as a whole has to be macroscopically homogeneous, i.e.,

1/
v /Uealg (r)dr = 62/3
we obtain the effective shear viscosity of hard-sphere dispersions

¢<Uaﬁ>1
0
2(3aﬁ

n=mnl-¢)+ o #p (12)

where the hard-sphere fluid is isotropic (ig.= 71.s), ¢ = Y (volume of particles,
V1) = NVy1/V is the volume fraction, and

1 -
)= / Gup (1) dir. (13)
1

v1

(8), (9), and (12) together may be regarded as a constitutive equation for a given velocity
field. The distribution function is obtained from (8) and the nonlinear viscosity from (12).

4. Steady state shear flow

Probably the single most important characteristic of concentrated dispersions is the fact that
they have a shear-rate-dependent viscosity. Choose the centre of a spherical particle as the
origin of spatial coordinates, and consider the steady shear flow:

v=1yzj (14)
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where y = 2e§?Z is the shear rate. The inverse of the shear rate/Xlis a time
scale characterizing the shear thinning and structural relaxation of colloidal dispersions.
Substituting (14) into (8), using (9), and notidg vanishes at infinity, we find by partial
integrations

2

Ddd;;Z +yz d(? =0. (15)
The solution of (15) is

WZA+Bexp<—V£;Z> (16)
where A and B are constants. Substituting (16) into (13) gives

(cryz)le—i-% ; (1— ’/If;z +) dr. (17)
Introducing the polar angle® and ¢,

y = rsinf sing 7 = r Ccosf (18)
and notingy ¢yz is the energy induced by the flow field, one obtains

3 (7 (72 e 2a?

(yz)1 = — /o /0 /0 (r?siné sing cosd)r? sind dr do dp = — (19)

The shear thinning phenomenon has been observed in steady state shear flow as well as
in oscillatory shear flow. Therefore, it is important to see the essential difference in the
structural relaxation of these two flows to be discussed in section 5. In order to make direct
comparison later, the shear-rate-dependent effective shear viscgsiterfved from (12)

and (16)—(19) is recast in the form of (26) for oscillatory shear flow:

N, ®) = 1so(@) + [10(@) — 1 (@) Q[0 (y, )] (20)
and

a3y
Olntr. #) = exp| ~246% L 100 | @)

whereng and n,, are the limits of viscosity at low and high shear rates. B@thand

are independent of time and spac&Ve have shown [8] thaD is the memory function
which goes to unity agy — no, and to zero as) — 1. The definition of Q as a
memory function in the form of (20) is very general and applies to all materials exhibiting
structural relaxations [19]. There i® adjusting parametein Q which includes the effects

of Brownian motion and shear-rate-dependent structural relaxation. The two constants
and B in (16) are related to the limits of viscosityy and . in (20) by

Noo(®) = [Adp + B(L—p)]/y
and

n0(¢) — N () = B/y.

In addition to the shear rate, bothand Q are functions of particle size, concentration,
and limits of viscosity. (20) and (21) have to be solved numerically. Figure 1 shows
the comparison between the calculated results and experimental data [1,4] for 50%
monodispersions of polystyrene spheres of various sizes in different media such as water,
benzyl alcohol, ometacresol. The diameter of the hard spheres varies from 46 to 180 nm.



8150 T S Chow

26
Points: Experiment
2t Curve: Theory
=
z
g
5 187
o
&
[
i
14 +
10 : * - .
0.0001 0.001 0.0t 0.1 1 10

Reduced Shear Rate n,a%y/kT

Figure 1. The calculated relative shear viscosity versus reduced shear rate (from (20) and (21))
is compared with the experimental data [1, 4] for polystyrene spheres of various sizes dispersed
in water, benzyl alcohol, anthetacresol. The volume fraction i = 0.5.

5. Results and discussion

Hard-sphere repulsion provides a convenient basis for analysing the rheological behaviour
of stable dispersions. When contributions from the hydrodynamic and intermolecular
interactions are included in the analysis of stable hard-sphere dispersions, the shear
viscosities at the low- and high-shear-rate limits are derived.

The hydrodynamic effect is the dominant effect on the relative shear viscosity at the
high-shear-rate limit [17, 20]:

1r(00, @) = oo (P) /N2 = XP(2.5¢ /(1 — ). (22)

The difference in the limiting viscosities at the low and high shear rates is a result of the
energy being dissipated through the loss in kinetic energy, which can be related directly to
the interparticle potential by [21]

A%
A (¢) = — / / P 22 (23)

3}’12

whereV is the nondimensional pair potential, = |r; — 7| is the distance between the
centres of two spheres, andis the pair distribution function. For dilute suspensions, we
consider the interparticle potential/) has the form [8]U (r) = —u for r < 2a and zero
for r > 2a, whereu is called the repulsive interparticle potential. The equilibrium radial
distribution function isgo = V = exp(—U/kT). For incompressible fluids, we approximate
o ~ goP with Y being determined by the Kirkwood—Smoluchowski equation [22] which is
a special case of (6) and (8). This leadsAtg, of dilute suspensions. A detailed analysis
and in-depth discussion di, go, Y, and An, can be found in [8]. The ‘hard’ sphere
considered here has very high gt infinite rigidity, which is always true in a real system.
Therefore, the pair potential is finite.

As the volume fraction of colloidal particles increases, the many-body interactions
between the particles and the equilibrium microstructure have been included in the analysis.
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The interactions of the particle as it propagates through a dense dispersion has been evaluated
by using the Feynman diagram. When the detailed analysis is carried out, an expression
for the zero-shear viscosity is derived [8]:

1, (0, @) = no(@) /12 = 1,(00, §) + ($/¢)*/[1 — (¢/$c)?] P. (24)

Here the probabilityP is produced by the interactions of the colloidal particles with each
other and solvent molecules. It is equal to the maximum packing fraction of a unit structural
volume filled with spheres. The percolation threshold is (derived from (51) in [8])

¢c = ((5/P)[2expu/kT) + 3]}2/6[expu/kT) — 1] (25)

which is a decreasing function of the repulsive interparticle potentjaifown in figure 2,
where P = 0.68 is a theoretical value in the calculation for the packing of stable hard
spheres [8]. At moderate repulsive potentials, (25) scales simply. as (u/kT)~13 for

u/kT < 2. Figure 2 reveals that a decrease in temperature or an increase in repulsion,
which arises with either charged particles at low ionic strengths or adsorbed polymer layers,
can result in lowerp,. [4,23]. We shall not pursue the details of this discussion as it lies
somewhat outside the focus of this paper.

&
2 o "~ Slope=-1.34
g ~
]
£
c
g
5
8 o001}
[
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0.001 ' :

1 2 5 10

Reduced Interparticle Potential wkT

Figure 2. The relationship between the critical volume fraction and the repulsive interparticle
potential in stable colloidal dispersions.

We have theoretically determinegd k7 = 1.25 for a neutrally stable hard-sphere system
[8], which gives¢. = 0.5733. This value is very close to the measured critical volume
fraction [24]. 7n,(0, ¢) diverges asp — ¢.. (22), (24), and (25), and experimental data
[1,5] for polystyrene lattices in water and for silica spheres in cyclohexane at the limits
of low and high shear rates, are compared in figure 3. Here we have re-emphasized the
important difference between the low and high curves which get bigger mreases.
Below volume fractions of 0.3, no shear thinning can be detected [1,4]. Figures 4—6 are
the result of numerical calculations from (20)—(22) and (24). In figure 4, the relative shear
viscosities at different volume fractions are plotted against the dimensionless shear rate in
the vicinity of the percolation threshold. By using (11), the relationships between the shear
stress and shear rate are obtained as a functighioffigure 5. From figures 4 and 5, the
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dependence of the relative shear viscosity on the reduced shear stress is shown in figure 6,
where a dramatic effect of shear thinning in the vicinity of the percolation transition is
seen. This explains what has been reported recently in the literature [2]. The reduced shear
stress iw, = a*(0,.)/kT. The transition in figure 6 also occurs whenis close to unity.
Therefore, the macroscopic shear stress is at least comparable to the instantaneous shear
modulus (see (30)), and a nonlinear flow behaviour is expected for the system. It may
be worthwhile to point out that no adjusting parameter has been introduced in the present
theory, besides the pre-determined repulsive interparticle potential already mentioned.

100

80 1 Points: Experiment
& Curves: Theory
& )
§ 60 [ High
2 Shear
> Rate
2
g 4o
©
o

20
0 0.15 0.30 0.45 0.60 0.75

Volume Fraction ¢

Figure 3. A comparison of the calculated and measured [1, 5] limits of shear viscosity as a
function of volume fraction for polystyrene lattices in water and silica spheres in cyclohexane.

In the case of oscillatory shear flow, the dynamic shear viscaegity ¢) is linked to
the memory functiol by

(@, §) — 1o () /‘” :
— " = Mlwt(®)] = M (s) exp[-iswt ds 26
o) — i) = Mlet@l= | M) expisor@)] (26)
wherew is the angular frequency, is the macroscopic relaxation time, and the limits of
viscosity share the expressions given by (22) and (24). We have derived [8]

M(s) = —dK (s)/ds = (1/25Y?) exp(—s*/?) (27)

whereK is the relaxation function. (26) and (27) correlate well with experimental data [3].
There are significant differences betwekhin (26) andQ in (21). M is a function ofwt

only and is independent of, and ... In contrast,Q is a nonlinear function ofy which
depends on the limiting viscosities. By using (27), the asymptotic expression of (26) is

Mlwt($)] = 0.627(1 — DH]wr(p)] Y2 asw — 00. (28)

This —1/2 power law decay in frequency is derived for the dynamic viscosity in oscillatory
shear flow; however, it is not applicable to describe the shear rate dependence of the
nonlinear viscosity in steady state shear flow.

Both (27) and (28) are derived from a distribution function which is governed by a
generalized diffusion equation having the same form as (8) exceptowittD. The shear-
induced microstructure has a Gaussian distribution (see equations (19) and (20) in [8]) for
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Figure 4. The nonlinear viscosity in steady state shear flow versus the nondimensional shear
rate in the vicinity of the percolation transition.
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Figure 5. Nonlinear shear stress and shear rate relationships at different volume fractions of
highly concentrated dispersions.

linear oscillatory shear flow, but has a non-Gaussian distribution for nonlinear steady state
shear flow where a significantly larger displacement in the flow field occurs.
The relaxation time and the zero-shear viscosity can be related by

10(é) = Go /O K[1/2(@)]di = 2Gor(9) (29)

where the unrelaxed shear modulGs is assumed to be much larger than the relaxed
modulus, and (27) has again been used in (29). The relaxation time is also proportional
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Figure 6. The nonlinear viscosity in steady state shear flow versus the reduced shear stress in
the vicinity of the percolation transition.

to the characteristic time of Brownian motion?( Do), where Dy = kT /¢y is the Stokes—
Einstein diffusion coefficient. Sinc®y and G, are independent af, we have

T(¢) = 10(¢)/2Go ~ (a®/ Do)n, (0, ¢) Go ~ kT /a® (30)

where 7, (0, ¢) is given by (24). A comparison between the above equation and the
experimental data for silica in cyclohexane is shown in figure 7. We see a sudden increase
in 7(¢) as¢ approacheg.. Thus, there is a time—composition superpositionXbtin the

M versuswt plot (see figure 9 in [3] and figure 1 in [8]), but not f@r in the O versus

n2ay /kT plot, where the nonequilibrium microstructure is affected nonlinearly by shear
flow.

6. Conclusions

Analytical expressions, (20) and (21), for the effective shear viscosity of concentrated
dispersions in steady state shear flow have been derived as a function of the volume
fraction, particle size, interparticle potential, and shear rate (or shear stress). Besides the
pre-determined repulsive interparticle potential, there is no adjusting parameter in (20)—(22),
(24) or (25). The predicted shear-rate-dependent viscosity (figure 1) and relaxation time
(figure 7) of neutrally stable dispersions are in good agreement with experimental data.
The microscopically based constitutive equation shows dramatic shear thinning in the
plots of the nonlinear viscosity versus shear stres® agpproaches a critical valug,,
which depends on the repulsive interparticle potential. Our theory explains an important
non-Newtonian phenomenon in colloidal dispersions—the shear rate has negligible effect
on the nonlinear effective viscosities at laty but has a dominant effect at high There
is a dramatic shear thinning effect in the vicinity of the percolation transition.
The shear-induced microstructure has a Gaussian distribution for linear oscillatory shear
flow, but has a non-Gaussian distribution for nonlinear steady state shear flow. This results
in a fundamental difference betwe#hand Q. The memory functiord/ in oscillatory shear
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Figure 7. Calculated and measured relaxation time compared as a function of volume fraction
for silica spheres in cyclohexane [3].

flow is a function ofwt only. The memory functiorQ in steady state shear flow depends

not only on the shear rate, particle size, and volume fraction, but also on the effective shear
viscosity, which has to be solved simultaneously with (20)—(22), (24), and (25). Therefore,
there is a time—composition superposition fdr (see figure 9 in [3] and figure 1 in [8]),

but not for Q. This leads us to a familiar classification of viscoelastic behaviour: the
linear dynamic viscosity in oscillatory shear flow is rheologically simple, but the nonlinear
viscosity in steady state shear flow is rheologically complex.
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